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Generalized Bloch equations and dissipation of longitudinal magnetic-field energy

Anatoly Yu. Smirnov
Radiophysics Department, N. Lobachevsky State University, Gagarin avenue, 23, 603600, Nizhny Novgorod, Russia
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For a spin% coupled to a Gaussian heat bath in the presence of an external magnetic field, we generalize the
Bloch equations to the non-Markovian case. Using this generalization as the base, we show that the time-
varying component of the magnetic field parallel to its constant part is absorbed by the spin system, especially
at high temperatures of the heat bath. For the spectral density and dispersion of longitudinal spin fluctuations,
we obtain expressions that are in good agreement with known refs$1863-651X%97)04308-0

PACS numbes): 05.30—d, 05.40+j, 76.20+q

I. INTRODUCTION and the bracketé: - -) denote an ensemble average over the
S . g initial state of a heat bath in combination with the trace over
Dissipative dynamics of a spih4in the presence of an spins

external magnetic fielcﬁ(t) is well known to be described

by the Bloch equationgl—6] for the averaged Pauli matrices If the magnetic fieldB,(t) rotates in a planexy) which

. _ is normal to the direction of the constant magnetic field
o={ox(t),0y(1), o) }: By :B,(t) = (B,cos(wt), — Bysin(wt),0), so the shape of the
absorption lineP(w), Eq. (3), is determined by the imagi-

(O o) MO 2E )28, ) o ol o the ansversal susceptbifids, (v) and

X{oD)), 1 Py()=3(9u0) BAM{®y (@) + Byy(w)},  (4)

_ 1 where the linear magnetic susceptibility®;;(w)
(oy (1)) + T—<0'y(t)>_A<O'X(t)>:2fx(t)<a'z(t)>—ZfZ(t) (i,j=Xx,y,z) is a Fourier transform of the averaged response
2

function
Ko, 5 (1) L (D)
Tj _ Mi “iw
ol i) 00 g | 2 )
(1)) + ——2fy<t><ax(t>> 2f()(ay(1)). ®)

(2) taken atf;=0. It follows from the Bloch equationél) and
(2) that absorption of the transversal magnetic fieldw) is

. i described by the expressi¢8—6]
Here a magnetic fieldB(t) is supposed to incorporate a

z-directed constant par§0=(0,0,Bo) and a time-varying
magnetic field By(t), so that
A=—2guoBy, f(t)=gueBi(t), mo=eh/2mcis the Bohr
magneton, andy signifies theg factor of the spin particle
with massm (g=1 for an electron The longitudinal and
transversal relaxation time are therewith denotedl'hyand
T,, respectively, Whi|63'2= —tanh(@/2T) is the equilibrium
z projection of the averaged spin matriX,is a heat bath
temperaturesi =1, andkg=1.
Among other things the Bloch equatiofiy and(2) allow P,()=1(guo)’B2olmd,(w); )
one to calculate the energy of an oscillating magnetic field
B, (t) which is absorbed by the spin system in a unit of timethat is, the energy of the time-varying magnetic field
and in a unit of volumé7]. B,(t)=(0,0,B;cos(wt)) is not bound to be absorbed by the
spin system interacting with a heat bafR,(®) |gioch=0- It
immediately follows from the fluctuation-dissipation theo-

P(w)Z%fOZW/w<|§1() L)>olt (3 rem[g]

Y( A ) Vi w2
Pu(@)=4(guo)? 1tan 2T ) (02— A2)2+ 42 2.2 (6)

if coupling of the spin to a heat bath is weak, so that
A>vyy,vy,72, Wherey,=y,=1/T, and y,= 1/T;.

At the same time the most-used Bloch equati@hsand
(2) predict a zero result for the longitudinal magnetic suscep-
tibility @, (w):[ P, ®)]gecn=0, and with it for the corre-
sponding absorption spectrum

K, w)=Im®,(w)coth w/2T) 8

where  is a frequency of magnetic-field oscillations, that longitudinal fluctuations of spin variables covered by the
,u(t) g,uoa'(t) is the magnetic moment of the spin particle, cumulant function
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Il. GENERALIZED BLOCH EQUATIONS

do ,
FLo(t), oyt :f—e"w“‘t 'K 9
(alot),o(t)])= | 57 ZC Starting with the microscopic Hamiltonian

are also nonexistent. But, in view of the fact that A .
o2(t)=1,(c9)%=tant?(A/2T), the variance ofs, fluctua- H=Z 0,70 Q(t) —o,f,(1) +Hg (12
tions

for the spin subsystem coupled to a heat bath with variables
dw {Qi(H)}(i=x,y,z) and with the free Hamiltoniahig in the
2\ _y/1 — _ i (PA B
((Aoy) >_<2[UZ(I)’UZ(U]*>_I 5 KAw), (10 presence of an  external  magnetic field
B(t)={0,0,Bo+B;(t)}, we obtain the Heisenberg equations
can be significantly different from zero:

(Ao)?=((0)?)— (09)2=1—tanf(A/2T), (11 b(t) =2i{Q,(1)b(t) — Q_(t)o(1)}, (13

— +

especially at high temperaturés>A. Thus the conventional o5 (1)=H{Q-()b™ ()~ Q. (1)b(1)} (14
Bloch equationg1) and(2) lead to zero results for absorp- for the spin operators
tion of the longitudinal magnetic-field energy, and with it for
the longitudinal fluctuations of spin variables, that cannot be _ [t
accepted as reasonable in view of spin coupling to a heat b(t):{Ux(t)—'Uy(t)}eXF{lfOA(T)dT
bath.

The aim of the present paper is to obtain more correcb+(t), ando,(t).
expressions for the longitudinal absorption and fluctuation o main interest here is with absorption of the longitu-

spectra of the spin system, and so to remedy the abov%-irlal magnetic field él)z(t):(gﬂo)ilfz(t) only; therefore,

ge{mgﬂeg paroggeanoa{rgzi/iELOChetrlh(frgzi);a-tl}?)ﬁ V(\;?ytrt](; d&ézﬁthe transversal projections of the time-varying magnetic field
oug S 9 ; . are taken as being zerb,(t) =f,(t) =0, while the longitu-

equations, taking into account memory effects in the interac-,. L Y. . .

. S dinal forcef,(t) is incorporated in the time-dependent split-

tion of the spin with the heat bath. A great deal of effort went ~ .

: oo ; L . ting A(t)=A—2f,(t). Here the function®).. are the new

into the derivation of non-Markovian kinetic equations

[9-14] and into the investigation of non-Markovian effects heat bath variables

: (15

[11-16. The problem in question is also of special interest ¢
for understanding dissipative quantum tunneling in solids Q_(t)={QX(t)—iQy(t)}ex+f A(n)dr|=[Q,(1)]",
[17-22. 0

(16)

In this work we show that the generalized Bloch equa-
tions are a prime necessity in the treatment of the linea
response function Sa,(t)/8f,(t'))i=o as well as in the _
study of nonlinear memory phenomena associated with an |; \ya< shown in Ref[14] that the response of a Gaussian

influence of strong internal driving on the relaxation andpq.at path to the action of the dynamic subsystem is linear in
decoherence processg20,23,24. The non-Markovian sto- spin variablesr; (t)(j =x,y,2)
J 1 L 1

chastic equations for a two-level system interacting with a
Gaussian heat batfi4,15,29 have considerable utility for
this purpose. In Sec. Il we derive the non-Markovian equa- Qi(t)zQi(O)(t)"—f dtygij(t,t1) oj(ty), 17
tions for averaged spin variables, taking into account an in-

fluence ofz-directed time-dependent magnetic field on spinyhere {Q()(t)} are the unperturbed heat bath variables

relaxation. In Sec. lll we calculate the linear response of thgynich are assumed to be Gaussian with zero mean values
spin to the action of the longitudinal magnetic field, and ﬁndiQ-“”(t))zO with a covariance
It~ ’

expressions for the absorption and fluctuation spectra.
should be noted that the generalized Bloch equations de-
duced in Sec. Il are exact for a spin coupled to a Gaussian
heat bath. However, we shall use a weak-damping limit for o )
the calculation of the absorption and fluctuation spectra. Be- = f Ee_""(t_t 'S;j(w), (18
cause of this, we shall restrict our consideration to the case of

a super-Ohmic bath[17] with the spectral density nd a response function

J(w)~w",n>1, or to the case of an Ohmic heat bath

(n=1) provided that the system-environment coupling con- cpij(t,t’)=(i[Q§°)(t),Q§°)(t’)],>6(t—t’)

stant is small and the temperatureof the heat bath is mod-

est. We also suppose that the temperafluie not too low: _ [ dw “iw(t—t")

T># v, with y being a spin relaxation rate. It might be well N f 2x° Xij(@). (19

to point out that a three-dimensional acoustic-phonon heat

bath responsible for relaxation and fluctuations in solids isHere 6(t) is the unit Heaviside step function, agg(») and
super-Ohmic witm=3 or 5[17], and the same is true for a S;;(w) are the susceptibility and the spectral density, respec-
photon heat bath witmn= 3 [25,26]. tively, of heat bath fluctuations. It is worth noting that the

ind the superscriptH) designates the Hermitian conjuga-

Mi; (t,t) = (1% (1), Q% (1))
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independent-oscillator model of the heat bplfi,27] which  are being used at the derivation of E¢22) and (23).

is most extensively employed in dissipative quantum me- The exact microscopic equatiof2) and(23) can be put
chanics is also described by Gaussian statistics. In this case a more simple form assuming a weak coupling of the spin
the imaginary part Ing(w) of the heat bath susceptibility is subsystem to the heat bath. We suppose that the damping
proportional to the spectral functiai w) used in works de- rate y of spin variables is much less than the frequeicy
voted to dissipative quantum tunneling7,19,2Q. For the y<A, so that we have approximatehp(t)=Db(t,),
isotropic heat bath we havep;;(t,t")=djje(t,t') and o, (t)=o0,(t;) and

M;;(t,t")=6;M(t,t"), so that the variableQ.(t) and N N

Q,(t) may be written as [b™(1),b(ty)]-=40,(ty);[b(t),b" (t1)], =4,

[o4(t),b(t1)]-=2b(t1);[o(1),b(t1)].=0.

It is known[17] that such underdamped behavior of the two-
level system takes place for a super-Ohmic heat bath or for
Q,(t)=[Q+(t)]+=Q<,°)(t)+J dtio_(t,t1)b(ty), an Ohmic heat bath if the system-environment coupling is
(20) sufficiently weak and the heat bath temperature is not too
high. The investigation of the spin coupling to a sub-Ohmic
with heat bath is much more cumbersofi€,21] and is not per-
formed here. Thus in the weak-damping limit the following
non-Markovian equations may be obtained from the general-
' ized Bloch equation$22) and (23):
(21

The new spin and heat bath variablbt), b*(t), and {b(t)+ J dt,G(t,t2)(b(t1))=0, (26
Q- (1) allow us to take into consideration an effect of the
arbitrary longitudinal magnetic fieldB(),(t) on the relax-
ation process.

Substituting Eqs(20) in the Heisenberg equatior(43) ) ) o
and (14) followed by averaging over the initial state of the These equations incorporate an effect of the magnetic field

heat bath gives the generalized non-Markovian Bloch equafz(t) on the relaxation process, as indicated by the depen-
tions (i =1): dence of the function§(t,t;), G,(t,t;), anda,(t) on the

time-varying splittingA (7) = A —2f,(7):

1+exp(i thA(T)”,
ty

Gz(t,t1)=8M(t,t1)cos< fthA(T)),
ty

Q=00+ [ dhettyaty.

t
e-(tLt)=le+(t,t)]" = <P(t,t1)ex+ ft drA(7)
1

<(}z(t)>+f dthz(tvt1)<Uz(tl)>+az(t):O- (27)

(b()+2i [t (LU ilo.b(t)] Y+ e (Lt B
G(t,tl):4M(t,t1)

X(zla4(1),b(ty)]+)}—2i f dt {M(t,ty)

X(i[b(1),o(t1)]-)+ @(t,t1){z[b(1), o4(t1)1+)} =0,
(22

(28)

t
az(t)=4f dtho(t,tl)sin<f dTA(T)).
t
<az<t>+ifdtl{M+<t,tl><i[b(t),b+<tl>],>+<p+<t,t1> | o
In the absence of a time-dependent magnetic field
_ [f,(t)=0A(7)=A] we obtain the well-known results
x(%[b(t),b+(t1)]+>}—if dt,{M _(t,t;) [1-6,17 describing the relaxation of longitudinal and trans-
versal spin variables:

X(I[b™ (1), b(t)]-)+e_(t,t)(z[bT(t),b(t1)])}
=0. (23

(o))=e "o (0))+[1-e "]a?,

(oy(1)) =" 18 g (0)), (29
The quantum Furutsu-Novikov theordri¥]
where atrzox—iay;agz—tanh(A/2T) is the equilibrium
11 ~(0 _ ~ . z projection of the spin; y,=2[S(0)+S(A)] and
(3[Q; )(t)’b(t)]+>_f duM(tt)GIb(D), o7(ty)]-), v,=4S(A) are the transversal and longitudinal damping
(24 rates, respectively; an§(w) is the spectral density of heat
. bath fluctuation18) which is proportional to the imaginary
with M(t,t;)=M(t,t;) 6(t—t;), and the function part Imy(w) of the heat bath susceptibilitf19) [8]:
S(w) =Imy(w)coth(w/2T). As expected[17], for super-
Ohmic and Ohmic heat baths, there are conditions which
correspond to the underdamped behavior of the spin system
(25 and justify the weak-damping limityfA<1).

M_(t,t))=[M . (t,t;)]" = M(t,tl)exp{i fdrA(r)
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. ABSORPTION OF THE MAGNETIC FIELD
AND LONGITUDINAL SPIN FLUCTUATIONS R ,(w)=2Im

X(w—A)COt ?

—_—

We now proceed to a calculation of the linear-response A
function (6oz(t)/5fz(t’)>_ d_etermining .th_e absorption +X(w+A)c0tP(w—”, (37)
P,(w), Eq.(7), of the longitudinal magnetic field. As for the 2T
standard Bloch equatior(@) and (2), the longitudinal mag-
netic fieldf,(t) does not appear in the generalized equation ImA 1+tan A cot w—A
(27) in an explicit form. However, by virtue of time nonlo- 2T 2T
cality the functionsG,(t,t;), G(t,t;), and a,(t) are func-

Aw)=zImy(0—A4)

tionals of the magnetic fielfl,(7). That is why the equation +lmy(w+A) 1—tan|‘(£) cotf( w+A
for the linear longitudinal response function, resulting from 2 2T 2T
the non-Markovian equatiof27), has a nonzero right-hand (39)
side:
According to the FDT and Eq33), the spectral density of
E Say(1) +J dt,G,(t.ty) Soy(11) the fluctuations of the longitudinal spin varialdg(t) will
dt\ 5 ,(t") 1A St look like
_ day(1) ‘Uoj 0G,(t,t1) w IMA,(w)
5fz(t’) z 1 5fz(t’) Kzz(w)—8 cot ﬁ m (39)
zgg(t_t/)f" dt,L(t—ty), (30) It should be emphasized that the calculations of the spectral
— densityK,{w) performed by means of stochastic equations

) and fluctuation sources furnish the same result.
with By these means the generalized Bloch equati@@s and
~ o (23) point to the occurrence of absorption of the longitudinal
L (7)=¢(7)cogA7)—2M(7)0;SIN(AT). 1) magnetic-field energy, Eq36), by the spin coupled to a
heat bath, and with it to the existence of equilibrium fluctua-
tions of longitudinal spin variables. In view of the relation

1) t t
_° _ —— Y 1—coth(A)tanh(B)]coth A—B) = coth A) —tanh(B),
5 (t,)ftldT[A 2f,(1)]= 2ftld75(r t') [1-coth(A)tank(B)]coth A—B) = coth(A) — tanh(B)

the function Im\ ,(w)coth(w/2T) may be rearranged to give

) w—A
Cco ?

Here we take into account the relation

=—20(t—t")O(t' —ty), (32)

w
and on differentiation with respect tig(t') setf,=0. For ImAZ(w)cotl—<ﬁ) =ilmy(w—A)
longitudinal susceptibilityb, () one obtains, from Eqg5)

and(30), A
+tanl‘(ﬁ +3imy(w+A)
by B AO
o —iw+T,(w) X cot)-(% —tan?'(ZA—T”- (40)

whereA,(w), I',(w), andS(w) are the Fourier transforms
of the functionsL,(7) [Eqg. (31)], G,(7) [Eqg. (28)], and  Substituting this function into Eq$39) and (10) yields the
M(7)=M(7)6(7), respectively: desired resul(11) for the variance of longitudinal fluctua-

tions ((Ao)?)
A 0)=3[x(0+A)+ x(0—A)]
Lo = Ao?)=| 1 tant?| | | [ e _ 7z
+i0S(0+8)-S(w-4)], (34 (Qo)D=[1-tnk| 55 )| | - o7y2
I'(w0)=4[S(w+A)+S(w—A)]. (39 =1—tank? ﬁ>, (42)

The longitudinal magnetic-field absorptid?,(w) is deter-

mined by by the imaginary part of the susceptibility provided the damping rate y,=Re,(w=0)

P, (w), Eq. (33): =4Imy(A)coth(A/2T) is far less than the frequeney and
the temperaturd@: y,<A,T. Consequently, the generalized

olmA (o) 36 non-Markovian equation$22) and (23) produce better re-

w’+[Rel (w)]? (36) sults for the longitudinal spin fluctuations than the conven-
tional Bloch equation§l) and(2) do. It is also worth noting

The functions RE(w) and ImM\ (w) can be written, in that for an Ohmic heat bath with lpfw)=X\w(\ =const)

view of the relationRe §w)=(1/2)S(w) and the Callen- the spectral densitK,{w), Eq. (39), has the Lorentzian

Welton fluctuation-dissipation theoretRDT) [8], as shape K,{w)=2y,/(w?>+72) at high temperatures

P(w)=4(gu,)?B2
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(T>hw,hA) when IMA,(w) =\o,Rd’,(w)="y,=8\T. well as the spectral densif, (), Eq.(39), begin from the
The maximum value of the longitudinal absorption, E2f),  (positive) frequencyw=A that is far in excess of the absorp-
is therewith much less than the maximum of transversal abtion line width Rd™,(w), Eq. (37). That is the reason why a
sorption(6): P,(v,)/Py(A)=v,y,/A?=(8\T)?/A%<1, and contribution of the spectrurk,(w) to the variance of lon-
yet this ratio increases as the splittingdecreases. gitudinal fluctuationg (A o,)%), Eq.(10), is negligibly small,

It is notable that under these conditions the spectral derso that the longitudinal projection of the spin has the fixed
sity of heat bath fluctuationsS(w)=Imy(w)coth(w/2T) value az=og atT=0.
does not depend on the frequen&fw)=2\T, so that the
correlation function(18) is M(t,t')=2\T&s(t—t'). This
limit corresponds to the Markovian approximation. The IV. CONCLUSIONS
spectral densityg , (w) of fluctuating forces responsible for
the fluctuations of longitudinal spin variables is known to be
determined by the numerator of the functit(w), EQ.

We have analyzed the relaxation of a spimteracting
with a Gaussian heat bath in the presence of an external

(39): =,,=8IMA (w)coth(/2T). As one would expect, for magnetic field. The magnetic field involvezalirected con-
PGS z ' ’ stant part and a time-varying component which is also par-

G ian Ohmic heat bath th tral deriSi i . . . ) ;
a baussian Uhic heat ba e spectral derisify ) is allel to thez axis. With the microscopic method, we derived

independent of the frequency at high temperatures; ) : . :
= (0)=16\T=2y,, and the corresponding fluctuating the generalized non-Markovian Bloch equations which allow

forces becomé correlated. However, now we have obtained fo_r an effect of time-depen(_jent magnej[ic_ _field on the_ relax-
the correct expressiofdl) for the variance of longitudinal ation process. The longitudinal susceptibility of the spin sys-

fluctuations, whereas the Bloch equatidd$ and (2) using 'Ejem c_aIth_Iatftaq by mea_nsh_of these etzuatltc;]nst, In d.the. w?ak—
the  Markovian  correlation  function M(t,t") ?T‘p'“.? O'I'.“”' I'S “O”V?.”'ﬁ. '|Tjg' Sugges 'F‘gt ?ha 'bss'pat.'on
=2\TéS(t—1t') from the outset predict a zero result. Dissi- ot longitudinar magnetic-Tield energy exists. 1he absorption

pation of longitudinal magnetic-field energy and IongitudinalSpeCtrum peaks in the low-frequency region at_hlgh tempera-
spin fluctuations also exist in the case of the high_ture, whereas for low temperature the absorption of longitu-

. : dinal magnetic-field energy takes place on frequencies in ex-
temperature Ohmic heat bath, when the Markovian apprOX|Cess of the splitting frequency. The energy of the

mation nominally takes place. However, a transition to th L P
Markovian limit in the generalized Bloch equatiof®2) and eloqgltudlnal magnetic f|_e|d IS Tather w_eal_<ly a_lbsorbed by the
spin system in comparison with the dissipation of the trans-

(23) never must be performed until the linear or nonlinear g .
versal magnetic-field energy. However, at sufficiently el-

response functions of interest are calculated. . . .
It should be mentioned that the results beyond the Mar-evated temperatures the spectral density and the dispersion

kovian limit can be also obtained by means of the instantor?lf Ict)ngtl_tudlna]lc tspln fluctu?tlor_ls Com%?re "ﬁ]” V]\!I'thtthot.se forf
technigue in the noninteracting-blip approximati@slBA) uctuations of transversai spin variables. 1he fuctuations o

the longitudinal spin projection are “squeezed” as the tem-
[17 (Chap. IV), 19,20. As may be seen from Eg$4.21b A ;
and (4-22pb of Ref. [17], the IXIIBA is true for aqclassical perature decreases, so that thprojection of the spin has a

Ohmic heat bath when the Markovian description is correct?cixed value aff =0. We have emphasized that application of

Nontheless, the results deduced in Rgf§—19 point to the the c_:on\_/entional BIoch eq.uations Ieads 10 zero results for the
fact that the breakdown of the Markovian approximationd'ss'pat.'on of the angl_tudma[ magr_1et|c—f|eld energy, and for
does not necessarily signify the breakdown of the NIBA. fluctuations of longitudinal spin variables at an arbitrary tem-

At low temperatures &> T> ) longitudinal absorption perature of the heat bath. Only when the non-Markow_an
and longitudinal fluctuations covered by E86) and (39) equations are used can more correct results. be o.btalned
are significantly diminished because the functiomljfw), which are in good agreement with HQ1) for the dispersion

2
Eq. (38), is nil over the range- A<w<A, ((Aay)?).

IMA(w)=Imy(w—A)0(o—A)+Imy(o+A)0(—w—A),
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